The Sagdeev potential technique has been employed to study the dust ion acoustic solitary waves and double layers in an unmagnetized collisionless dusty plasma consisting of negatively charged static dust grains, adiabatic warm ions, and isothermally distributed electrons and positrons. A 
I. INTRODUCTION
Theoretical and experimental studies of the nonlinear dynamics of Ion Acoustic (IA) waves have received a great deal of attention for several decades. Using a mechanical analogy, Sagdeev [1] established that nonlinear IA waves can exist in the form of periodic or solitary waves. On the other hand, in the same year, Washimi and Taniuti [2] used reductive perturbation method to investigate the small amplitude ion acoustic solitary waves in a cold plasma. Subsequently, the nonlinear theory of IA waves was developed by a number of authors [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Experimental results of Ikezi et al. [16] , Nakamura and Tsukabayashi [17] , Nakamura and Tsukabayashi [18] , Nakamura et al. [19] , Nishida and Nagasawa [20] , Nakamura [21] and Cooney et al. [22] confirmed the existence of IA waves.
There has been considerable interest in studying ion acoustic solitons and double layers in electron-positron-ion (e-p-i) plasmas as such plasmas are found in supernovas, pulsar environments, cluster explosions, active galactic nuclei etc. Popel et al. [23] considered the nonlinear propagation of IA waves in cold plasma consisting of cold ions, and isothermally distributed electrons and positrons. They have found the existence of compressive solitons only. In this paper, they reported that the presence of the positron can result in reduction of the IA soliton amplitudes. Subsequently, the properties of the IA solitary structures in different electron-positron-ion (e-p-i) plasmas have been investigated by a number of authors .
However, in astrophysical environments highly (negative/positive) charged micronsize impurities or dust particulates are observed in addition to earlier mentioned e-p-i plasma.
The presence of dust grains having large masses introduces several new aspects in the properties of the nonlinear waves and coherent structures [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . Depending on different time scales, there can exist two or more acoustic waves in a typical dusty plasma. Dust Acoustic (DA) and Dust Ion Acoustic (DIA) waves are two such acoustic waves. Shukla and Silin [50] were the first to show that due to the quasi-neutrality condition n e0 + n d0 Z d = n i0 and the strong inequality n e0 ≪ n i0 (where n e0 , n i0 , and n d0 are, respectively, the number density of electrons, ions, and dust particles, and Z d is the number of electrons residing on the dust grain surface), a dusty plasma (with negatively charged static dust grains) supports low-frequency Dust Ion Acoustic (DIA) waves with phase velocity much smaller (larger) than electron (ion) thermal velocity. In the case of a long wavelength limit, the dispersion relation of DIA wave is similar to that of IA wave for a plasma with n e0 = n i0 and T i ≪ T e , where T i (T e ) is the average ion (electron) temperature. Due to the usual dusty plasma approximations (n e0 ≪ n i0 and T i ≃ T e ), a dusty plasma cannot support the usual IA waves, but a dusty plasma can support the DIA waves of Shukla and Silin [50] . Thus, DIA waves are basically IA waves modified by the presence of heavy dust particulates. The theoretical prediction of Shukla and Silin [50] was supported by a number of laboratory experiments [52, 60, 61] . The nonlinear theory of DIA waves in different dusty plasma systems has been investigated by Bharuthram and Shukla [62] , Nakamura et al. [63] , Luo et al. [64] , Mamun and Shukla [65] , Shukla and Mamun [59] , Verheest et al. [66] , Sayed and Mamun [67] , Alinejad [68] , Baluku et al. [69] , Das et al. [70] .
It is well known that a fully ionized universe contains electrons, positrons, ions and micron-sized charged dust grains [71, 72] . The presence of e-p-i-d plasma has been detected in active galactic nuclei, pulsar magnetospheres, inter-stellar clouds, supernova environments as well as in laboratory experiments of cluster explosions by intense laser beams [73] [74] [75] [76] [77] [78] .
Therefore the nonlinear dynamics of the propagation of waves in this plasma system has emerged as an interesting field to explore. For the first time, Ghosh and Bharuthram [79] investigated the nonlinear propagation of small but finite amplitude ion acoustic solitons and double layers in a collisionless unmagnetized e-p-i-d plasma consisting of cold ions, negatively charged static dust particulates and Boltzmann distributed electrons and positrons. They have used the reductive perturbation method to derive the Korteweg-de Vries (KdV) equation and the modified KdV equations for the ion acoustic waves in the e-p-i-d plasma system. Using KdV equation, they proved that this e-p-i-d plasma system supports both compressive and rarefactive solitons if the parameters of the system satisfy certain conditions. Using the modified KdV equation, they have derived the necessary conditions for the existence of weak double layers. Employing the reductive perturbation technique, El-Tantawy et al. [80] investigated the ion acoustic solitary structures in a collisionless unmagnetized four-component e-p-i-d plasma consisting of warm ions, superthermal electrons and positrons, and negatively charged static dust impurities. Using Bernoulli's pseudo-potential method, Dubinov et al.
[81] elaborated the nonlinear theory of dust ion acoustic waves in a collisionless unmag- Four basic parameters of the present e-p-i-d plasma system are p, µ, σ pe and σ ie which are, respectively, the ratio of unperturbed number density of positrons to that of the total unperturbed number density of positive charge, the ratio of unperturbed number density of electrons to that of the total unperturbed number density of negative charge, the ratio of the average temperature of positrons to that of electrons and the ratio of average temperature of ions to that of electrons. The studies of the DIA solitary structures of the present e-p-i-d plasma system have been made over the entire physically admissible values of p, µ, σ pe and
The present paper is organized as follows: In §II, the basic equations are given. The derivation and the mechanical analogy of the energy integral are given in §III. Conditions for the existence of solitary wave and double layer solutions are also given in this section.
A general theory for the formation of bounded supersolitons has been presented in §IV by imposing the restrictions on the Mach number. The lower bound and the upper bound of the Mach number for the existence of different solitary structures have been determined in this section. With the help of the analytical theory discussed in §IV, a computational scheme has been developed in §V to draw the qualitatively different compositional parameter spaces with respect to any parameter of the system. In §V, DIA solitary structures of the present plasma system have been thoroughly presented with the help of the qualitatively distinct compositional parameter spaces, giving special emphasis on the bounded positive potential supersolitons. Finally, a brief summary and discussions have been given in §VI.
II. BASIC EQUATIONS
The following are the governing equations describing the non-linear behaviour of dust ion acoustic waves propagating along x-axis in collisionless unmagnetized dusty plasma consisting of adiabatic warm ions, negatively charged immobile dust grains, and isothermally distributed electrons and positrons:
Here n i , n e , n p , n d , u i , p i , φ, x and t are, respectively, ion number density, electron number density, positron number density, dust particle number density, ion fluid velocity, ion fluid pressure, electrostatic potential, spatial variable and time, γ(= 3) is the adiabatic index, m i is the mass of ion fluid, Z d is the number of negative unit charges residing on the dust grain surface and e is the charge of an electron.
The above four equations are supplemented by
and the charge neutrality condition
where n e0 , n i0 , n p0 and n d0 are, respectively, the unperturbed number densities of electron, ion, positron and dust particulate, Φ and σ pe are given by
Here K B is the Boltzmann constant, T e and T p are the average temperatures of electrons and positrons respectively.
III. ENERGY INTEGRAL
The linear dispersion relation of the DIA wave for the present dusty plasma system can be written as
where ω and k are respectively the wave frequency and wave number of the plane wave perturbation, and
Now for long-wave length plane wave perturbation, i.e., for k → 0, from linear dispersion relation (8), we have,
and consequently the dispersion relation (8) shows that the linearized velocity of the DIA wave in the present plasma system is c D with λ D as the Debye length.
To study the arbitrary amplitude time independent DIA solitary waves and double layers, we make all the dependent variables depend only on a single variable ξ = x − Ut where U is independent of x and t. Thus, in the wave frame moving with a constant velocity U the equations (1)-(4) can be put in the following form
Here P = n i0 K B T i , n i0 is the unperturbed ion number density and T i is the average temperature of ions.
Using the boundary conditions,
and solving (15) , (16) , and (17), we get a quadratic equation for n 2 i , and the solution of the final equation of n i can be put in the following form:
where
Now integrating (18) with respect to φ and using the boundary conditions (19), we get the following equation known as energy integral with W (φ) as the Sagdeev potential or pseudo-potential:
The energy integral (22) can be regarded as the equation of energy of a particle of unit mass moving along a straight line whose position is φ at time ξ with velocity dφ dξ
. The first term of the energy integral (22) can be regarded as the kinetic energy of the particle whereas the second term of the energy integral (22) can be regarded as the potential energy of the same particle at that instant. As the kinetic energy is a non-negative quantity, W (φ) ≤ 0 for the entire motion of the particle. Differentiating the energy integral (22) with respect to φ, we get the following equation
The above equation shows that the particle of unit mass is under the action of the force −W ′ (φ) and this force is attracting one, i.e., directed towards the point φ = 0, i.e., φ = 0 is the centre of the force if
0) = 0, then both the velocity and the force acting on the particle at φ = 0 are simultaneously equal to zero and consequently, the particle is in equilibrium at φ = 0. Let φ = 0 be an equilibrium position of the particle associated with the energy integral (22) . (22) as we have seen earlier that W (φ) ≤ 0 for the entire motion of the particle. Next we consider the case W ′′ (0) < 0. For this case, φ = 0 is a position of unstable equilibrium of the particle and W (φ) is convex with respect to the φ -axis in a neighbourhood of φ = 0 which again implies that W (φ) < 0 for any φ (except the point φ = 0) lying within a very small neighbourhood of φ = 0. So, if the particle placed at φ = 0 be slightly displaced towards the positive (negative) direction of φ -axis, it moves away from its position of unstable equilibrium and it continues its motion until its velocity is equal to zero, i.e., until φ takes the value φ m such that W (φ m ) = 0 for φ m > 0 (φ m < 0).
, then although the velocity of the particle at φ = φ m vanishes, the force acting on the particle at φ = φ m is directed towards the point φ = 0 and consequently, the particle will come back again at φ = 0. Therefore,
for φ m < 0) then the energy integral (22) can be regarded as the equation of energy of the oscillatory motion of a particle of unit mass, i.e., we have an oscillation of the particle within 0 < φ < φ m (φ m < φ < 0). As this oscillation takes place in a wave frame moving with a velocity U, this oscillation propagates with velocity U and in this wave frame this oscillation is known as positive (negative) potential soliton. From the mechanical analogy of the energy integral (22) as mentioned above, Sagdeev [1] established that for the existence of a Positive
Potential Solitary Wave (Negative Potential Solitary Wave) solution of the energy integral (22) , the following three conditions must be simultaneously satisfied.
Sa :: φ = 0 is the position of unstable equilibrium of the particle, i.e.,
This condition is responsible for the oscillation of the particle within the interval min{0, φ m } < φ < max{0, φ m }. Da :: φ = 0 is the position of unstable equilibrium of the particle, i.e.,
. This condition actually states that the particle cannot be reflected back again at φ = 0.
Dc :: W (φ) < 0 for all 0 < φ < φ m (W (φ) < 0 for all φ m < φ < 0). This condition is necessary to define the energy integral (22) (22) is M c = 1, i.e., the solitary structures start to exist for U > c D (⇔ M > M c = 1). So we have introduced the following dimensionless quantities:
i.e., here spatial coordinate is normalized by λ D and the time is normalized by
Then with respect to these dimensionless quantities, the energy integral can be simplified as follows, where we drop overline on both independent and dependent variables:
The equations (22) and (28) is restricted by the inequality:
In fact, we have used this inequality, viz., φ ≤ Ψ M to find the upper bound of the Mach number for the existence of PPSWs.
IV. ANALYTICAL THEORY FOR THE FORMATION OF SUPERSOLITONS
In this section, our main aim is to find the Mach number for the existence of supersolitons.
Before going to investigate the existence of supersolitons analytically, first of all, we note the following facts: For the existence of a double layer solution of the energy integral (28), we must have a non-zero φ (φ = 0) such that the following conditions are simultaneously satisfied:
Using equations (29) - (33), the first equation, the second equation, and the third inequality of (34) can be written, respectively, as
Eliminating N i from (35) and (36), we get
It can be easily checked that φ = 0 if and only if dS/dφ = 1, and consequently for non-zero φ, (39) can be written as
Using (41), from (36) and (37) we, respectively, get
Now, the double layer solution of the energy integral (28) having amplitude |φ dl | exists at
where M dl is given by the following equations
with
To derive condition (49), we have used the following restriction on φ :
If the inequalities given by (48) , (49) and (50) hold simultaneously then one can get a PPDL or NPDL at φ = φ dl according to whether φ dl > 0 or φ dl < 0.
So, if the system supports any double layer solution, we can easily find the Mach number corresponding to that double layer solution by using the equations (46) - (47) 
The conditions as given in (51) are simultaneously satisfied if M > M c = 1. We assume that this condition holds good. We also assume that the conditions as given in (52) are also true. Consider the condition as given in (53) .
We have seen in the previous section that V (φ) is real only when φ ≤ Ψ M and consequently, we must have φ m ≤ Ψ M , otherwise V (φ m ) is not a real quantity. Therefore, we can rewrite the inequality as given in (53) as
But the inequality (54) can define a large amplitude PPSW of amplitude Ψ M , which is in conformity with (51) if
Again, let M max be the maximum value of M up to which positive potential solitary wave solution can exist. As Ψ M increases with M, Ψ M ≤ Ψ Mmax . Therefore, the inequality
defines the largest amplitude PPSW if
Therefore, for the existence of PPSWs, the Mach number M is restricted by the following
So, M max can restrict the existence of PPSWs. But if a PPDL exists at M = M P P DL , then this PPDL can restrict the existence of at least one sequence of PPSWs because the existence of a PPDL implies the existence of at least one sequence of PPSWs which converges to the PPDL solution. Therefore, with respect to the existence of M P P DL and M max , we have the following three cases.
Case-1 : If M P P DL exists but M max does not exist for fixed values of the parameters involved in the system then obviously M P P DL is the upper bound of M for the existence of positive potential solitary waves, i.e., one can get a PPSW for all M such that M c < M < M P P DL and for M > M P P DL there does not exist any positive potential solitary structure whereas at M = M P P DL one can get a PPDL solution. On the other hand, if there exists a PPDL solution φ = φ P P DL (> 0) of the energy integral (28) for the Mach number M = M P P DL , then φ = φ P P DL is the smallest positive double root of the equation V (φ) = 0(≡ V (M P P DL , φ) = 0) such that 0 < φ P P DL ≤ Ψ M P P DL i.e., V (M P P DL , φ P P DL ) = 0 and V ′ (M P P DL , φ P P DL ) = 0 along with the condition 0 < φ P P DL ≤ Ψ M P P DL . If φ = φ P P DL (> 0) is the only root (double root) of the equation for the Mach number M = M P P DL , i.e., if V (M P P DL , φ D1 ) = 0 along with the conditions V (M P P DL , φ P P DL ) = 0, V ′ (M P P DL , φ P P DL ) = 0, 0 < φ P P DL < φ D1 ≤ Ψ M P P DL and V (M P P DL , φ) < 0 for all φ P P DL < φ < φ D1 , then there exists a PPSW solution of the energy integral (28) for at least one value of M > M P P DL , and consequently, we get a PPSW solution of the energy integral (28) 
DIFFERENT SOLUTION SPACES OF THE ENERGY INTEGRAL
Four basic parameters of the present e-p-i-d plasma system are p, µ, σ pe and σ ie , which are, respectively, the ratio of unperturbed number density of positrons to that of the total unperturbed number density of positive charge, the ratio of unperturbed number density of electrons to that of the total unperturbed number density of negative charge, the ratio of the average temperature of positrons to that of electrons and the ratio of the average temperature of ions to that of electrons. As the parameter σ ie assumes a constant value for dusty plasma system, we will discuss the existence regions of the different solitary structures Solution Space w.r.t µ when p = 0 : Figure 1 shows the compositional parameter space or solution space with respect to the parameter µ for p = 0, i.e., there is no positron in the system. From this figure, we have the following observations:
• The system supports NPSW for all M > M c .
• The system does not support any NPDL.
• The system does not support any PPDL.
• According to the definition of supersolitons, the system does not support supersoliton of any polarity because the system does not support double layer solution of any polarity.
• PPSWs start to exist if µ exceeds a critical value µ c and for all M lying within
• The system supports coexistence of both NPSWs and PPSWs if µ > µ c and M c < M ≤ M max . For σ ie = σ pe = 0.9, the value of µ c is 0.145.
Solution Space w.r.t µ for 0 < p < 0.0001: Figure 2 shows the compositional parameter space or solution space with respect to the parameter µ for p = 0.00001, i.e., a very small amount of positron is injected in the system. Here, the main important and interesting differences from the solution space with p = 0 are as follows:
• The system supports NPDL along the curve M = M N P DL .
• NPSWs are restricted for M c < M < M N P DL , i.e., the existence region of NPSWs is bounded by the curves M = M c and M = M N P DL and consequently, the system does not support any negative potential supersoliton.
• The region of coexistence of NPSWs and PPSWs is bounded by the curves M = M c , M = M max and M = M N P DL .
• The system supports coexistence of NPDL and PPSW along the curve M = M N P DL bounded by the curves M = M c and M = M max .
• As the system does not support any PPDL solution, the system does not support any positive potential supersoliton.
For increasing values of p lying within 0 < p < 0.0001, the qualitative behaviour of the solution spaces remains unchanged, the only exception is that the region of existence of • The system does not support any NPSWs.
• The existence region of PPSWs has increased.
• There exist two cutoff values µ a and µ b such that for µ a < µ < µ b , we have M P P DL < • In Figure 8 , the existence of positive potential supersolitons has been verified by plotting V (φ) against φ and also by plotting φ against ξ for a fixed µ lying within µ a < µ < µ b and M = M P P DL + 0.0001 along with the other values of the parameters as shown in the figure. In fact, we can take any µ lying within µ a < µ < µ b and any M lying within M P P DL < M ≤ M max to verify the the existence of positive potential supersolitons.
• It is observed that the existence region of supersolitons ultimately collapses. In fact, the existence region of supersolitons decreases for increasing values of positron concentration and finally, there exists a critical value of p for which the system does not support any positive potential supersoliton. This fact can be efficiently described by the figure 9.
From these observations, we can conclude that there must exist a critical value of p where the NPSW collapses and there must exist a critical value of p for which there exist two cutoff values µ a and µ b such that for µ a < µ < µ b , we have M P P DL < M max . Next we shall consider the solution spaces with respect to µ for some fixed value of p but for different values of σ pe .
Solution
• For p = 0.01 and σ pe = 0.9, we have seen in figure 3 that the system does not support any supersoliton but if the value of σ pe decreases then we have seen that NPDL disappears from the system and the positive potential supersoliton comes into the picture, i.e., there exists a critical value σ (c)
pe of σ pe such that the system does not support any supersoliton if σ pe exceeds its critical value σ • Figure 12 shows the solution space with respect to µ for p = 0.01 and σ pe = 0.4. This solution space shows the existence of positive potential supersolitons but nonexistence of NPDLs. In fact, for the decreasing values of σ pe starting from σ pe = 0.4, the system will always support supersolitons but such supersoliton disappears if σ pe exceeds the critical value σ (c) pe .
• Next, figure 13 shows the solution space with respect to µ for p = 0.01 and σ pe = 0.5 and we have seen that positive potential supersoliton disappears from the system. In -For small value of p and for very large value of σ pe (σ pe = 100, say), we have exactly same type of solution space as given in figure 1, i. e., the solution space for p=0. This fact is consistent with the Energy integral (22) because it is simple to check that
and consequently the equation (23) can be written as
Now, for small values of p, we can set 1 − p ≈ 1 and the above expression of W (φ) assumes the following form
The equation (61) i.e., a PPSW just after the formation of positive potential double layer. Figure 9 shows that the existence region of the second type of PPSWs (i.e., positive potential supersolitons) decreases for increasing values of p and finally disappears from the system if p exceeds a certain cut off value. 
